Let P be a hereditary property. Let k P (G) denote the number of forbidden subgraphs, which are contained in G. A graph G is said to be weakly P-saturated, if G ∈ P and the edges of the complement of G can be labelled e 1 , e 2 , . . . , e l in such way that for
Introduction and notation

We consider finite undirected graphs without loops or multiple edges. A graph G has a vertex set V (G) and an edge set E(G). We say that G contains H whenever G contains a subgraph isomorphic to H. The degree of x ∈ V (G) is denoted by d G (x). The symbol (G) denotes the minimum degree of G. The set of neighbours of x ∈ V (G) is denoted by N G (x). If A ⊆ V (G) then G[A] is the subgraph induced by A.
For undefined concepts we refer the reader to [4, 7] . Let I denote the class of all graphs, with isomorphic graphs being regarded as equal. If P is a proper nonempty isomorphism closed subclass of I, then P will also denote the property of being in P. We shall use the terms class of graphs and property of graphs interchangeably. The symbol E will stand for the empty property, i.e., the subset of I containing no graphs. Properties I and E are called trivial.
A property P is called hereditary if every subgraph of a graph G with the property P also has the property P.
We list examples of hereditary properties that shall be treated in what follows. Let k be a non-negative integer:
O k = {G ∈ I: each component of G has at most k + 1 vertices}, I k = {G ∈ I : G contains no subgraph isomorphic to K k+2 }, D k = {G ∈ I : G is k-degenerate, i.e. (H ) k for any H G}.
For any nontrivial hereditary property of graphs, there exists the number c(P) (called the completeness of P) defined as follows:
The following results describe the structure of hereditary properties of graphs. [2] ). Let L be the set of all hereditary properties. Then (L, ⊆) is a complete and distributive lattice in which the join and the meet correspond to the set-union and the set-intersection, respectively. [2] ). For every nonnegative k, L k = {P ∈ L : c(P) = k} is a complete distributive sublattice of (L, ⊆) with the least element O k and the greatest element I k .
Theorem 1 (Borowiecki and Mihók
Theorem 2 (Borowiecki and Mihók
For a hereditary property P the set of minimal forbidden subgraphs of P is defined by F (P)= {G ∈ I : G / ∈ P but each proper subgraph H of G belongs to P}. The completeness of a property can be described in terms of its forbidden subgraphs.
Theorem 3 (Borowiecki and Mihók [2]). Let P be any nontrivial hereditary property of graphs. Then c(P)
A graph G is called P-maximal if G belongs to P but after adding any edge e ∈ E(G) the graph G + e does not belong to P. Then obviously G + e contains a minimal forbidden subgraph. Let M(P) be the set of P-maximal graphs. The set of P-maximal graphs of order n is denoted by M(n, P).
The invariants ex(n, P) and sat(n, P) are defined in the following manner:
The behaviour of ex(n, P) and sat(n, P) was investigated by Semanišin in [6] . He established a bound for sat(n, P) in the part of interval (O k 
Let P be a hereditary property and G be a graph of order n. Let k P (G) denote the number of forbidden subgraphs, which are contained in G. A sequence of edges e 1 , e 2 , . . . , e l of G such that for i = 0, 1, . . . , l − 1 the inequality
and G l = K n , will be called the complementary sequence of G with respect to P or briefly the complementary sequence of G. If G ∈ P and there is a complementary sequence of G with respect to P then G is said to be weakly P-saturated.
Let us denote the set of all weakly P-saturated graphs of order n by WSat(n, P). Note, that for n c(P) + 1 we have WSat(n, P)={K n }. Let us denote the minimum and maximum number of edges of graphs belonging to WSat(n, P) by wsat(n, P)= min{|E(G)| : G ∈ WSat(n, P)}, wex(n, P)= max{|E(G)| : G ∈ WSat(n, P)}.
Directly from the definitions we have: Proposition 1. Let n be a positive integer and P be a hereditary property. Then
and sat(n, P) wsat(n, P).
In [3] the following is proved. [3] ). Let n 1. If P is a hereditary property then wex(n, P) = ex(n, P).
Theorem 5 (Borowiecki and Sidorowicz
Bollobás [1] introduced the concept of a weakly k-saturated graph. In our terminology a weakly k-saturated graph is a weakly I k−2 -saturated graph.
Bollobás showed that if a graph G is weakly k-saturated (for 3 k 7) of order n with the minimum number of edges then
. In the general case (i.e. for k 3) such an equality has been proved by Kalai [5] . Kalai's Theorem can be formulated as follows:
In this paper we shall establish some bounds for the minimum possible size of weakly P-saturated graphs. We shall prove some inequalities and estimations using the properties of the lattice of all hereditary properties.
Some general estimations of wsat(n, P)
First we describe some elementary properties of weakly P-saturated graphs.
Lemma 1. Let G be a graph of order n and P be any hereditary property. Then a complementary sequence of G with respect to P exists if and only if there is a weakly P-saturated graph G of order n satisfying G ⊆ G.
Proof. Let e 1 , e 2 , . . . , e k be a complementary sequence of G with respect to P.
. . , e t be the smallest set of edges of G such that after deleting edges e 1 , e 2 , . . . , e t from G, the graph G does not contain any forbidden subgraph of P. The graph G = G − {e 1 , e 2 , . . . , e t } has the property P and e 1 , e 2 , . . . , e t , e 1 , e 2 , . . . , e k is the complementary sequence of G with respect to P.
Let G be a weakly P-saturated graph and e 1 , e 2 , . . . , e k be a complementary sequence of G with respect to P. Since |V (G)| = |V (G )|, it follows that if we delete from e 1 , e 2 , . . . , e k the edges of E(G) − E(G ) then we will obtain a complementary sequence of G with respect to P.
For any hereditary property P we define:
Lemma 2. Let (P) 1, = (P) and G be a weakly P-saturated graph such that |V (G)| u(P). If we add a new vertex v and join it with − 1 arbitrary vertices of G then we obtain a weakly P-saturated graph.
Proof. Let G be the graph obtained from G by adding a new vertex v and joining v with − 1 arbitrary vertices of G. Since for any F ∈ F (P) the inequality (F ) > d G (v) holds and G ∈ P, it follows that G ∈ P. Let F ∈ F (P) be a forbidden subgraph such that (F ) = (P) and |V (F )| = u(P) + 1. If we add all edges of a complementary sequence of G then the graph G contains a complete graph induced by V (G). Thus we can add any edge, which joins v with any vertex of V (G) and it is evident that a new subgraph F appears in G .
In the next theorem we will give upper bound for wsat(n, P).
Theorem 7. Let P be a hereditary property and u = u(P). If n u then
Proof. Let K be a weakly P-saturated graph of order u. Let us denote by G u,t n a graph of order n, which has the following property: G u,t n contains a subgraph K of order u and for every vertex
Corollary 1.
For every hereditary property P there exists a constant c such that wsat(n, P) < cn.
Let v ∈ V (G) be a vertex of degree 1. The only edge which is adjacent to v we will call the pendent edge.
Corollary 2. Let P be a hereditary property. Then wsat(n, P) = c + o(1) for some constant c if and only if there is F ∈ F (P), which has a pendent edge. Moreover, if no F ∈ F (P) has a pendent edge then wsat(n, P) n/2 .
Proof. Let G be a weakly P-saturated graph of order n with the minimum number of edges. If there is F ∈ F (P), which has a pendent edge then by Theorem 7 we have wsat(n, P) = c + o(1).
Suppose that wsat(n, P) = c + o(1) if n > n 0 . If n > max{n 0 , 2c}, then an arbitrary weakly P-saturated graph G has at least one isolated vertex v. Since G is weakly P-saturated, it follows that there is a complementary sequence e 1 , e 2 , . . . , e l of G. Let e i be the first edge of the complementary sequence, which is incident with v. Let F denote a subgraph G i−1 + e i which contains the edge e i and is isomorphic to some graph F (P), in this F the edge e i is pendent.
If no F ∈ F (P) has a pendent edge then every vertex of a weakly P-saturated graph is incident with at least one edge.
The next theorem provides a lower bound for wsat(n, P).
Theorem 8. If P is a hereditary property then
Proof. Suppose that G is a weakly P-saturated graph with the minimum number of edges. Then there is a complementary sequence e 1 , e 2 , . . . , e l of G. We show that each vertex of G has degree at least (P) − 1. Let v ∈ V (G) and e i be the first edge in the complementary sequence, which is incident with v. Let F denote the subgraph of G i = G i−1 + e i , which is isomorphic to some graph of F (P) and contains e i . Then d G i (v) (F ) . From the definition of (P) it follows that d G i (v) (P) . Since e i is the first edge of the complementary sequence, that is incident with v, we have that d G (v) (P) − 1.
wsat(n, P) for special hereditary properties
In [6] the inclusion between hereditary properties was described in terms of forbidden subgraphs and in terms of saturated graphs. The similarly result can be obtained for weakly saturated graphs.
Lemma 3. Let P 1 , P 2 be any hereditary properties. Then the following statements are mutually equivalent:
(1) P 1 ⊆ P 2 ; (2) for each F ∈ F (P 2 ) there exists F ∈ F (P 1 ) such that F ⊆ F ; (3) for an arbitrary weakly P 1 -saturated graph G there is a weakly P 2 -saturated graph G such that G ⊆ G .
Proof. (1) ⇒ (2). Let F ∈ F (P 2 ). Then F /
∈ P 1 , and there exists F ∈ F (P 1 ) such that F ⊆ F . (2) ⇒ (3) . If G is weakly P 1 -saturated then G ∈ P 1 and G does not contain any F ∈ F (P 1 ). Thus G does not contain any F ∈ F (P 2 ), and therefore G ∈ P 2 . If G is not weakly P 2 -saturated then G is contained in a P-maximal graph G and G is obviously weakly P 2 -saturated.
(3) ⇒ (1). Let G ∈ P 1 . If G is not weakly P 1 -saturated then there is a weakly P 1 -saturated graph G such that G ⊆ G . Then there is a weakly P 2 -saturated graph G such that G ⊆ G . Thus G ∈ P 2 and since G ⊆ G , we have G ∈ P 2 .
In the next theorem we consider the hereditary properties P 1 , P 2 , such that
Theorem 9. Let P 1 , P 2 be any hereditary properties such that P 1 ⊆ P 2 . If F (P 2 ) ⊆ F (P 1 ) or F (P 2 ) = {K k } for some positive integer k then wsat(n, P 1 ) wsat(n, P 2 ).
Proof. Let G be a weakly P 2 -saturated graph of order n with the minimum number of edges. Then there is a complementary sequence e 1 , e 2 , . . . , e l of G with respect to P 2 .
If F (P 2 ) ⊆ F (P 1 ), then we have that the sequence e 1 , e 2 , . . . , e l is a complementary sequence of G with respect to P 1 . Thus by Lemma 1, there is a weakly P 1 -saturated graph G of order n such that G ⊆ G. Hence wsat(n, . Then e 1 , e 2 , . . . , e l is a complementary sequence of G with respect to P 1 . Thus by Lemma 1, G is weakly P 1 -saturated or G contains a weakly P 1 -saturated graph of order n. Hence wsat(n, P 1 ) |E(G)| = wsat(n, P 2 ).
Proof. First we prove the inequality k wsat(n, P). All graphs in F (O k ) are trees of order k + 2. Then, by statement (2) of Lemma 3, we have that any graph of F (P) has at least k + 1 edges. Thus k wsat(n, P). By Theorem 9 we have wsat(n, P) wsat(n, I k ) and by Theorem 6 we have wsat(n,
. Then Theorem follows.
The next lemma is useful for determining the value of wsat(n, P) for special hereditary properties.
Lemma 4. Let P be a hereditary property and F ∈ F (P). Let P be a hereditary property such that F (P )=F (P)\{F }.
If each graph of {F − e : e ∈ E(F )} is weakly P -saturated then wsat(n, P) = wsat(n, P ).
Proof. From Theorem 9 it follows that wsat(n, P) wsat(n, P ). Suppose that G is a weakly P-saturated graph of order n with the minimum number of edges. Let e 1 , e 2 , . . . , e l be a complementary sequence of G with respect to P and for i = 0, 1, . . . , l − 1 let us put G = G 0 , G i+1 = G i + e i+1 and G l−1 + e l = G l = K n . From the definition it follows that after adding any edge e i of the complementary sequence, a new forbidden subgraph, which contains this edge, appears. Let F i denote a subgraph of G i = G i−1 + e i , which contains the edge e i and is isomorphic to some graph of F (P). If no F i (i = 1, . . . , l) is isomorphic to F then G is weakly P -saturated. In the opposite case we shall show that there is a complementary sequence of G with respect to P, which is also the complementary sequence of G with respect to P . Let e 1 , e 2 , . . . , e l be a complementary sequence such that the number of graphs isomorphic to F in {F 1 , . . . , F l } is as small as possible. Let F i be the first graph of {F 1 , . . . , F l }, which is isomorphic to F. Since F i − e i is weakly P -saturated and by Lemma 1 we have that the graph G i−1 [V (F i )] has a complementary sequence e 1 , e 2 , . . . , e t (e i ∈ {e 1 , e 2 , . . . , e t })with respect to P . Let e f (1) , e f (2) , . . . , e f (l) be a complementary sequence such that e f (j) = e j for j = 1, . . . , i − 1, e f (j+i) = e j +1 for j = 0, . . . , t − 1 and e f (i+t+1) , . . . , e f (l) is the subsequence of e 1 , . . . , e l , which contains edges which are not in {e 1 , . . . , e i−1 , e 1 , . . . , e t }. Thus the complementary sequence e f (1) , e f (2) , . . . , e f (l) produces less graphs isomorphic to F in {F f (1) , . . . , F f (l) }. This is a contradiction. Thus G is weakly P -saturated. Hence wsat(n, P ) |E(G)| = wsat(n, P).
In [3] a theorem, which characterizes the hereditary properties, for which wsat(n, P) < sat(n, P) was proved. In the next theorem we characterize properties for which the equality wsat(n, P) = sat(n, P) holds.
Theorem 11. Let P be a hereditary property such that K k+2 ∈ F (P) and for each H ∈ F (P) it holds: H − e is weakly I k -saturated for any e ∈ E(H ). Then wsat(n, P) = sat(n, P).
Proof. First we show that sat(n, P) kn − k+1 2 . The assumptions of theorem yields that no F ∈ F (P) can be k-degenerate otherwise F − e is not I k -saturated for any edge e incident with a vertex of degree at most k in F. Then each F contains a graph belonging to F (D k ). By Lemma 3 it follows that D k ⊆ P. Since K k+2 ∈ F (I k ), we have P ⊆ I k . Then by Theorem 4 we have that sat(n, P) kn − k+1 2
. By Lemma 4 we have wsat(n, I k ) = wsat(n, P).
Since wsat(n, P) sat(n, P), we have wsat(n, I k ) = wsat(n, P) sat(n, P) kn − k + 1 2 .
From Kalai's Theorem it follows that wsat(n,
. Thus wsat(n, P) = sat(n, P).
Corollary 3.
Let P be a hereditary property such that K k+2 ∈ F (P) and for each H ∈ F (P) it holds: H − e is weakly I k -saturated for any e ∈ E(H ). Then sat(n, P) = kn − k+1 2 .
Let P be a hereditary property. The edge connectivity of P is defined by
In [3] the following theorem is proved:
Theorem 12 (Borowiecki and Sidorowicz [3] ). Let (P) = > 0 and G ∈ WSat(n, P). Then
Corollary 4. Let P be a hereditary property such that D 1 ⊆ P ⊆ I 1 and (P) 2. Then wsat(n, P) = n − 1 and each weakly P-saturated graph is a tree.
Proof. Since (P) 2 and by statement (2) of Lemma 3 and Theorem 3, we have that K 3 ∈ F (P) and |V (F )| 3 for F ∈ F (P). For each F ∈ F (P)\{K 3 } the inequality (P) 2 holds and therefore F − e is connected for any e ∈ E(F ). Since each tree is weakly I 1 -saturated, it follows that F − e contains a weakly I 1 -saturated subgraph. By Lemma 2, we have that there is a complementary sequence of F − e with respect to I 1 . Since the graph F does not contain K 3 , the graph F − e does not contain K 3 too. Thus F − e is weakly I 1 -saturated. Hence by Lemma 4 we have wsat(n, P) = wsat(n, I 1 ) = n − 1. From Theorem 12 it follows that each weakly P-saturated graph is connected. Thus each weakly P-saturated graph is the tree.
For any graph G with the vertex set V (G) = {v 1 , v 2 , . . . , v p }, we define a graph G[n 1 , n 2 , . . . , n p ] in the following way:
. , n p ]) if and only if {v i , v j } ∈ E(G).
From the next lemma it follows that if
G is I k -maximal then G[n 1 , n 2 , . . . , n p ] is also I k -maximal. Lemma 5. Let n k + 1, G ∈ M(n, I k ) and v ∈ V
(G). If we add to G a new vertex and join it with the vertices of
Proof. Let G be the graph obtained from G, by adding a new vertex w and joining it with the vertices of N G (v) . Since N G (v) does not contain K k+1 , it follows that G does not contain K k+2 . If n = k + 1 then G is the complete graph. If n > k + 1 then the graph G[N G (v) ] contains K k . Then after adding the edge vw, the graph G will contain K k+2 . Thus G is I k -maximal.
The lemma proved below shows that for any k there exists a graph H such that H − e (for any e ∈ E(H )) is weakly I k -saturated. Then we show that there exist properties, which satisfy the assumptions of Theorem 11. Let e be any edge of H. Let the vertex u be the end of the edge e different from v (if e is adjacent to v). Since H − u is weakly I k -saturated, it follows that we can add edges to transform H − u into a complete graph of order p − 1. The vertex u has degree at least k + 1. Then d H −e (u) k. We can then add any edge of the complement of H − e, which joins u with the complete graph, because we obtain a new K k+2 , which contains e. The graph H − e does not contain K k+2 and thus it is weakly I k -saturated.
